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A theorem is given to classify the second-order nondegenerate immersions on S’ in [w* com- 
pletely. 
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second-order nondegenerate immersions curvature 
Denote by R* the 2-dimensional Euclidean space or complex plane, by S’ the 
unit circle {e”/OG t < 2~r} in R*. Let p be a natural number, a C” map f: S’+ lR2 is 
called a @h-order nondegenerate immersion, if for any t E [O, 27r), the rank of the 
vectors f( t), f’(t), . . . ,fcP’( t) is maximal, i.e. for p = 1, the rank is 1, and for p a 2, 
the rank is 2. So, a first-order nondegenerate immersion is just a usual immersion. 
For the classification of immersions of S’ in R* under regular homotopies, we have 
the classical Whitney-Graustein theorem [ 11: 
The regular homotopy classes of immersions of S’ in R* are in one-to-one 
correspondence with the set of integers given by 
f+ W(f), 
where W(f) stands for the winding number off; i.e. the degree of the map S’ + R2\{O} 
given by eir +f’( t). 
For the study of higher-order nondegenerate immersions, we refer to [2-61. In 
similarity with the Hirsch-Smale theory concerning immersions, Gromov and Eliash- 
berg [5] reduced the problem of higher-order immersions to homotopy theory. After 
the Hirsch-Smale theory, the proof of the Whitney-Graustein theorem became 
trivial. But for higher-order nondegenerate immersions of S’ in R*, we cannot use 
the result of Gromov and Eliashberg, as Hirsch-Smale theory fails in considering 
immersions of a closed manifold in a manifold of the same dimension. 
* This subject is supported by the Science Fund of Academica Sinica. 
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According to Theorem 7.2 (see also the Remark at the end of Section 7) in [3], 
for pth-order immersions of S’ in [w’, only the cases of p = 2 and 3 are unsolved, 
since for p > 3, ‘pth-order regularly homotopic’ is equivalent to ‘homotopic’. 
Two pth-order nondegenerate immersions fO, fi : S’ + Iw2 are called pth order 
regularly homotopic, if there exists a C” homotopy F: S’ x [0, l] + [w2 connecting 
f0 and fi such that for any u E (0, l), F( *, u) : S’ + R2 is a pth-order nondegenerate 
immersion. 
Obviously, pth order regular homotopy is an equivalence relation, so we may 
talk about @h-order regular homotopy classes. A pth-order regular homotopy class 
must be contained in a regular homotopy class if p< 2. From the theorem of 
Sternberg and Swan [ 11, the regular homotopy class with W(f) = 0 does not contain 
any second-order nondegenerate immersion. There is only one regular homotopy 
class of S’ in [w3, but due to the theorem of Gromov and Eliashberg, it is easy to 
see there are two second-order regular homotopy classes. 
In this note, we prove the following theorem. 
Theorem. The second order regular homotopy classes of S’ in lR2 are in one to one 
correspondence with the nonzero integers given by 
f + W(f). 
Proof. For any nonzero integer n, let 
fn(t)= -ai(e’“‘-l), 
where E is the sign of n. Obviously, fn is a second-order nondegenerate immersion, 
and W(fn) = n. 
Suppose f is a second-order nondegenerate immersion, then by [2], there must 
exist a nonzero integer n with W(f) = n. Let e(t) be the angle from the positive 
real axis to f(t) anticlockwise such that 0: [0,27~] + Iw is C”. Via a translation 
followed by a rotation, we may assume that 
f(O)=O, !9(0)=0. 
Denote by k(t) the curvature off at t (k(t) > 0 iff f’( t) andf’( t) form the positive 
orientation of W’), we have 
and 
k(t) = W)llf(t)l. (2) 
Since f is a second-order nondegenerate immersion, k(t) vanishes nowhere. From 
I 
2.n 
k(t)b-'(t)i dt= 0'(t) dt = 2nn, 
0 
we see that, k(t) has sign E. 
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Rewrite (1) as 
f(f)= eio(‘)+dt J 
, 
0 
and for u E [0, 11, let 
(3) 
(4) 
We have 
F,(O) = F,(2?r) = 0 
Thus, F,(t) may be regarded as a C” function of (e”, U) E S’ x [0, 11. 
Obviously, 
J 
O(1) F,(t) =f(f), F,(t)=& ,je do = -is(eie(‘)- 1). 
0 
(9 
Since 
the angle function of tangent vectors of F,, is also e(t). From (2) 
k”(t)=(UE+(l-u)/k(t))-l 
is the curvature of F,. k,(t) vanishes nowhere, hence F, is a second-order nondegen- 
erate immersion for any u E [0, 11. Therefore, F is a second-order regular homotopy 
between F. and F,. 
For u E [0, 11, let 
H,(f)=-iE(expi((l-u)(t)+unt)-1), 
then it follows from H,(t) = HU( t + 2n) that HU( t) defines a C” function S’ x [0, l] + 
LIP. 
Obviously, we have 
Ho(t) = F,(t), H,(t) =f,(t), 
and 
iH,(r)=s((l--u)B’(f)+un)expi((l-u)8(t)+unt). 
Since F(( 1 - u)0’( t) + un) > 0, the angle function of tangent vectors of H,, is 
(l-24)8(t)+unt. 
From (2) again, we know that the curvature of H,, is constantly F, hence H,, is a 
second-order nondegenerate immersion, and H is a second-order regular homotopy. 
Therefore, f and fn are second order regularly homotopic. This proves the theorem. 
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Remark. In the space of C” maps S’+ R2, the subsets consisting respectively of 
immersions and @h-order immersions are dense if p z 3, by [3]. Whereas the 
second-order nondegenerate immersions are not dense, since the open set formed 
by all immersions with winding number zero does not include any second-order 
nondegenerate immersion. 
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